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In this paper, we consider the spatial gauge symmetries spontaneously break down in GR, and
graviton becomes massive on this spatial condensate background. Such model can be considered as
a simplest example of massive gravity. We then apply our massive gravity theory to inflation, the
graviton mass removes the IR divergence of the inflationary loop diagram.
Introduction In gauge field theory, the Higgs mech-
nism spontenously breaks the gauge symmetry, gives the
gauge field a mass. Whether such mechanism can be ap-
plied to gravity and get a self-consistent massive spin-2
field theory is a basic question in the classical field the-
ory. After the pioneering attampt at 1939 [1], this direc-
tion has been attracting a great deal of interest, but its
consistency has been a challenging problem for several
decades.
One of the most profound problems of the massive
gravity is the ghosty sixth mode in the gravity sector,
which was found by Bolware and Deser in 1972 [2]. The
BD ghost generally appears at the nonlinear massive
gravity theory, where those nonlinear terms in the ac-
tion were introduced to heal the discountinuity problem
of the Fierz-Pauli theory [3][4][5]. Because of the BD
ghost, the Hamiltonian of the system is unbounded from
below, which spoils the stability of our theory.
An important breakthrough on the way of conquering
the BD ghost was in 2002 [6]. As pointed out by the
authors of [6], by adopting the effective field theory at
the decoupling limit, in principle we can eliminate the BD
ghost by the construction of our massive gravity theory.
Indeed, such type of theory was achieved in 2010, which
now is dubbed as dRGT gravity [7].
However, the following up cosmological perturbations
analysis revealed a new ghost instability among the rest
five degrees of freedom [8][9][10][11][12]. On the other
hand, this theory may also suffer from the acausality
problem [13][14].
In this short notes, we propose an alternative construc-
tion of massive gravity. The idea is actually quite simple.
We consider a spontaneous spatial symmetry breaking in
GR. Such spatial gauge symmetry broken gives rise to 3
Goldstone excitations that were “eaten” by graviton in
the unitary gauge. The graviton gets mass and becomes a
massive spin-2 particle, with 5 polarizations on the spec-
trum. The stablity of this theory is also carefully checked
in this paper. This theory actually could be categorized
as a Lorentz violation massive gravity theory. See[15][16]
for the early studies in this topic, and see [17] for a recent
review on massive gravity.
As an example of the application, we apply our mas-
sive gravity to early universe. It is known that In-
flationary paradigm [18] has become a very convincing
scenario of the early universe. The quantum fluctua-
tion during inflation seeds the large scale structure and
CMB anisotropies nowadays. However, the power spec-
tra of the primordial perturbation suffers from the in-
frared (IR) divergence and ultraviolet (UV) divergence,
if we take into account the contributions from the loop
correction. These divergences were firstly noticed in the
early work[19][20][21], and has been bothering the theo-
rist for couple of decades (see the recent reviews [22][23]
and the references therein).
In this short notes, we focus on the IR divergence. It is
known that the scale invariant spectrum in the de-sitter
space time leads to the logarithmically divergence in the
IR. However, in the case of massive gravity, thanks to the
graviton mass, the inflationary loop diagram converges at
IR side.
Spatial Condensation Firstly, let’s write down such
a simple action with Einstein-Hilbert term and 3 canon-
ical massless scalar fields,
S =M2p
∫ √−g(R
2
− 1
2
m2gµν∂µφ
a∂νφ
bδab − Λ
)
, (1)
where Λ is the bare cosmological constant and a, b =
1, 2, 3. The background solution spontaneously breaks
the Lorentz invariance in terms of two different pat-
terns. One is by spontaneously generating a preferred
time direction, for example, the effective field theory of
inflation[24], and ghost condensation [25], where
〈φa〉 = f(t) , (2)
and f(t) is some function of time. In this case the gravi-
ton is still massless and thus it isn’t the main interest of
this paper. The second pattern spontaneously generates
a preferred spatial frame,
〈φa〉 = xa , (3)
which gives us a spatial condensation scenario (see [26]
for a similar idea and its application in inflation). Please
notice that at the l.h.s of above eq. (3), the up index ‘a’ is
the internal index of scalar fields and φa remain invariant
under the general coordinate transformation. However,
2at the r.h.s of equation, ‘a’ is the space time index, un-
der the general coordinate transformation it changes as
follows,
xa → xa + ξa . (4)
In order to maintain the eq.(3) under the coordinate
transformation, we introduce a Goldstone excitation pia,
which transforms in the opposite way,
φa = xa + pia , pia → pia − ξa. (5)
The Goldstone excitations pia non linearly realize the dif-
feomorphisms and they describe the perturbations of 3
scalars.
Our Goldstone excitations of such spatial condensation
are actually a vector field, which can be decomposed into
3 independent components: one longitudinal mode and
two transverse modes,
pia = δab(∂bϕ+Ab) . (6)
In the unitary gauge, we can see those Goldstones are
“eaten” by the massless spin-2 field. After that, massless
spin-2 particle gets weight and become massive, with 5
degrees of freedom on spectrum. In order to see how does
this happen explicitly, let’s do our honest perturbation
calculations on the FRW background. Under the FRW
ansatz, the metric reads
ds2 = −N2dt2 + a(t)2dx2 . (7)
By taking the variation of the action with respect to the
lapse and scale factor, we get the following two back-
ground Einstein equations,
3H2 =
3m2
2a2
+ Λ ,
H˙
N
= −m
2
2a2
. (8)
Then we perturb the space-time metric and define the
metric perturbations by
g00 = −N2(t)[1 + 2φ] , (9)
g0i = N(t)a(t)(Si + ∂iβ) , (10)
gij = a
2(t)[δij + 2ψδij + (∂i∂j − 1
3
∂2)E
+
1
2
(∂iFj + ∂jFi) + γij ] . (11)
where
∂iS
i = ∂iF
i = γii = ∂iγ
ij = 0 . (12)
Noting that the vector field defined by
Zi ≡ 1
2
δij(∂jE + Fj) (13)
transforms as
Zi → Zi + ξi . (14)
Thus the combination (Zi+pii) is a gauge invariant quan-
tity. In the unitary gauge, Zi eats pii, and survives in the
linear perturbation theory. It is constrast to the general
relativity, where E and Fi both are non-dynamical and
we can just simply integrate them out.
Scalar Perturbation Now let’s expand the action
upto quadratic order in the unitary gauge, where φa =
xa. For the scalar sector, we found that φ, β and ψ
are non-dynamical. After integrating out those non-
dynamical modes, the quadratic action for the scalar per-
turbation reads
Ls ⊃M2p
∫
dtd3k
(
k4m2a3N
8k2 + 12m2
E˙2
N2
− k
2m2(k2 + 2m2)aN
8k2 + 12m2
E2
)
.
(15)
Noted that background equations eq.(8) are used to get
the above results. As we expected, after eating the lon-
gitudinal mode of our Goldstone, the scalar metric per-
turbation E survives and becomes a dynamical degree,
propogates on the FRW space time background. By look-
ing at the coefficient of the kinetic term, we can see it is
always positive, as long asm2 is positive. Thus our scalar
mode is free from the ghost instability.
The canonical normalized scalar perturbation is de-
fined by
E ≡ k
2Mpm ·E√
4k2 + 6m2
, (16)
where m is demanded to be positive. In terms of this
canonical variable, the quadratic action for scalar per-
turbation can be rewritten as
Ls ⊃ 1
2
∫
dtd3kNa3
(
E˙2
N2
− ω2sE2
)
, (17)
where
ω2s ≡
k2
a2
+
2m2
a2
. (18)
From this dispersion realtion, we can see the sound speed
of scalar mode is unity, and there is a mass gap on the
scalar sepctrum.
Vector Perturbation Now let’s turn to the vector
perturbation. We find the vector perturbation Si is non-
dynamical and we can simply integrate it out. After that,
the quadratic action of vector perturbation reads,
Lv ⊃M2p
∫
dtd3k
(
k2m2a3N
8k2 + 16m2
F˙iF˙
i
N2
− k
2m2aN
8
FiF
i
)
.
(19)
Similar to the scalar perturbation, in the unitary gauge,
vector perturbation Fi eats the transverse mode of our
Goldstone, becomes a dynamical degree and propogates
3on the FRW space time background. By looking at the
coefficient of kinetic term, our vector perturbation is also
ghost free when m2 is greater than zero.
Then we canonical normalized the action by defining
such canonical variable,
Fi ≡ kMpm · Fi
2
√
k2 + 2m2
, (20)
and the quadratic action can be rewritten in terms of
canonical variable as follows,
Lv ⊃ 1
2
∫
dtd3kNa3
(
F˙iF˙ i
N2
− ω2vFiF i
)
, (21)
where
ω2v ≡
k2
a2
+
2m2
a2
. (22)
Due to the SO(3) symmetry of our scalar fields’ configu-
ration, the dispersion relation of vector mode is exactly
the same as the one of scalar mode.
Tensor Perturbation Now let’s look at the final sec-
tor of our linear metric perturbation. After using the
background equations, the quadratic action of our tensor
modes reads,
LT ⊃M2p
∫
dtd3k
[
a3
4N
γ˙ij γ˙
ij − (k
2 + 2m2)aN
4
γijγ
ij
]
.
(23)
Again, we do the canonical normalization,
γ˜ij ≡ Mp
2
γij , (24)
and the action can be rewritten as
LT ⊃ 1
2
∫
dtd3kNa3
( ˙˜γij ˙˜γij
N2
− ω2T γ˜ij γ˜ij
)
, (25)
where
ω2T ≡
k2
a2
+
2m2
a2
. (26)
Surprisingly! The dispersion relation of our tensor mode
is exactly the same as the one of scalar mode and vector
mode. On the other hand, our tensor mode receives a
mass correction on the dispersion realtion, which is con-
trast to the general relativity.
vDVZ discontinuity In the early and famous work of
Fierz and Pauli [1], the simplest linear extension to GR
suffer from the vDVZ discontinuity, which the theory can
not reduce to GR at the massless limit m → 0 [3][4][5].
One way to understand the origin of vDVZ discontinuity
is to look at the decoupling limit, the scalar sector still
couples tensor sector under such limit.
FIG. 1: one loop diagram, which corresponds to the scalar-
tensor interaction.
In our spatial condensation scenario, such nontrivial
coupling at the decoupling limit is absent, thus our theory
can smoothly reduce to GR at the massless limit. At
the massless limit, the effective action can be written in
terms of a massless graviton and scalar mode of massive
graviton,
LDL ⊃ M2p
∫
1
4
hµνEαβµν hαβ +
m2
(
−1
2
k2ϕ˙2 + hk2ϕ+ hk4ϕ2 + h2k2ϕ+ ...
)
.
(27)
Where hµν ≡ gµν − ηµν and the indices are omitted for
the simplicity of handwriting. The canonical normalized
scalar and tensor modes are
hc ≡Mph , ϕc ≡Mpmkϕ . (28)
In terms of canonical variable, the linear coupling term
between scalar and tensor is
mhcϕc → 0, (29)
it disappears at massless limit. The non-linear coupling
terms between scalar and tensor are
k
Mp
khcϕc2 → 0 , mk
Mp
hc2ϕc → 0 , (30)
which strongly suppressed by the factor of k/Mp thus it
can be neglected. One can easily check that the higher
order coupling terms are also strongly suppressed by such
factor. Thus, we conclude that at the massless limitm→
0, our spatial condensate scalars decouple from gravity
and we recover GR1.
IR safe inflation Since our spatial condensation is
just free scalar theory, the absence of higher order Gold-
stone interactions implies that our effective field theory
approach is valid up to the energy scale where the quan-
tum gravity effect becomes important, say, Planck scale.
As an example, we apply our massive gravity to early
universe, see how does graviton mass remove the IR di-
vergence. During the inflation epoch, the action can be
1 A more convincing proof will be given in our upcoming work[27].
4written as
S =
∫ √−g
(
M2p
2
R−M2pm2
1
2
gµν∂µφ
a∂νφ
bδab
−1
2
gµν∂µσ∂νσ − V (σ)
)
, (31)
where σ is the inflaton scalar. We take the one graviton
loop diagram depicted in Fig.1 as an example. This dia-
gram is particularly important because if the inflaton is
a free scalar field, such diagram makes the leading con-
tribution to the non-linear correction of the primordial
spectrum2. The graviton interaction vertex correspond-
ing to Fig.1 is
HI ⊃ γ2ij (∂kδσ)2 . (32)
where δσ is the inflaton scalar’s perturbation, and γij is
the tensor perturbations. We quantize the tensor mode
as:
γij(x) =
∑
s=±
∫
d3k
[
a(k)eij(k, s)γk,se
ik·x + h.c.
]
, (33)
where a(k) is the annihilation operator, the subscript s is
the helicity, and eij(k, s) is the transverse and traceless
polarisation tensor which can be normalized as
eij(k, s)e
ij(k, s′) = δss′ . (34)
The mode function in the de-sitter space time is easy
to obtain. We assume that the fluctuation is generated
at the deep sub-horizon scale, and the vacuum is the
standard Bounch-David vacuum. The quadratic action of
tensor perturbations, i.e. eq.(25)(26), implies the mode
function of the tensor perturbation takes such form,
γ±,k =
H
(2pi)3/2
√
k˜3
(1 + ik˜η)e−ik˜η , (35)
where
k˜ ≡
√
k2 + 2m2 , (36)
and the power sepcturm reads
PGW (k˜) =
2H2
(2pi)3k˜3
[
1 +O(k˜2η2)
]
. (37)
We then calculate the one graviton loop in Fig 1. Using
in-in formalism, we find that one graviton loop diagram
2 The authors of the paper[29] pointed out that such diagram is
exactly canceled by another two-vertex loop diagram if ǫ˙ = 0,
where ǫ is the slow roll parameter. However, ǫ is not always a
constant for the most of inflationary models.
depicted in Fig. 1 obtained from the contraction between
the two γs,
〈ζ(x)ζ(x)〉1loop ∝
∫ a(t)H(t)
0
d3kPGW (k˜)
∝ Ht+ log (H/m) , (38)
In the case of GR, such integral is divergent for sure.
However, thanks to the graviton mass, the above loop
integral is convergent at the IR side. Noted that we only
take into account the super horizon modes, thus the inte-
gral up bound can be chosen as kUV ∼ aH . Away from
this approximation, our result will receive an additional
term which depends on the UV cutoff. Our graviton mass
has nothing to do with the UV physics, thus it isn’t our
main interest and we are not going to discuss the UV
divergence issue in this paper.
Conclusion and Discussion In this short notes, we
consider a spatial condensation scenario, which back-
ground solution spontaneously breaks the spatial diffeo-
morphism. In the unitary gauge, massless graviton eats
the Goldstone excitations of spatial condensation, gets
weight and becomes a massive graviton. Our massive
graviton is a multiplet particle, its 5 polarizations have
exactly the same dispersion relation, with a mass gap on
the spectrum.
We then apply our massive gravity theory to inflation,
and find graviton mass removes the IR divergence of in-
flationary loop diagram. In addtion to the virtue of IR
safe, we would expect our model has some other interest-
ing features. The primordial tensor mode may receive a
modification due to the graviton mass, and we expect to
find some interesting feature on the B mode polarization
of CMB[33].
Although we only checked the stability of our theory at
FRW background, we expect it has the universal healthy
nature since our theory is nothing but Einstein-Hilbert
action and 3 canonical free scalars. More generally, tak-
ing the SO(3) symmetry of scalars’ configuration as our
building principle, we can write down a most general ac-
tion with non-derivative graviton potential terms as
S =M2p
∫ √−g [R
2
−m2U (gµν , fµν)
]
. (39)
where fµν ≡ ∂µφa∂νφbδab and U (gµν , fµν) is a general
function of gµν and fµν . Besides the non-derivative po-
tential terms, we are also able to introduce the derivative
coupling terms, e.g. the Horndeski term Gµνfµν , where
Gµν is the Einstein tensor. The stability of such theory
is checked in the ref. [28].
Last but not least, it is worth to notice that the idea
of spatial condensation is actually not new. Such kind
of scalar fields configuration generally appears at soliton
physics. Let’s take the simplest global monopole as an
example. Considering a monopole as big as a universe,
e.g. a topological inflation[31][32], we have 3 canonical
5scalar fields with nontrivial background VEV at 3 spatial
direction inside of monople. According to the analysis in
this paper, we expect that graviton inside of monopole
appears to be massive. The relevant study will be covered
in our future work [33].
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